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It is shown that an analog of the TietSivkiinen bound for binary codes holds also for spherical 
codes. 
1. Introduction 
Denote by Qn the unit sphere in R” and by ( , ) the usual inner product. An 
(n, A$ a) spherical code is a subset C of 52, of cardinality A4 such that (u, u) 5 a for 
all U, o E C, u# u. Let M(n, a) stand for the maximal cardinality of such a code. 
Recently Delsarte et al. [3] and Kabatiansky and Levenshtein [4] derived an analog 
of the Delsarte-MacWilliams inequalities for spherical codes. They also improved 
the upper bounds on M(n,a), in particular, they showed that 
M(n,a)%n(l -a)(2+(n+ l)a)/(l -na2) if a<n-1’2 (1) 
In [8] Tietavainen presented an improved upper bound on the number of codewords 
in a binary code of word length n and minimum distance d in the case n = 2d + j, 
j small. We shall show that an analog of the Tietavainen bound holds also for 
spherical codes, and asymptotically improve (1) to 
M(n, a)sn(2.2 +In(l + na)) (2) 
provided that a= o(n-2’3). A s in [8] it will be shown that if na is unbounded as 
n--+oo then 
M(n, a) s +n ln(na). (3) 
[Recall that f(d) = o(g(d)) means f(d)/g(d)-+O as d-+ w and f(d) s h(d) means 
f(d) 5 Nd)(l + oU))l. 
2. Preliminaries 
Let C be an (n, A4, a) spherical code and u an element of C. The distance distribu- 
tion of C with respect to u is the set of numbers {A,(u) I-1 1t5 l}, where A,(u) 
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is the number of u E C such that (u, u) = t and the distance distribution of C is the 
set of numbers {A, I-1 1t5 l}, where 
A,=; c A,(u). 
UCC 
The following generalization of Delsarte-MacWilliams inequalities to spherical 
codes may be found (implicitly or explicitly) in [3], [4], [5] and [7]. 
Lemma 1. Let {A, ) - 1~ t 5 l} be the distance distribution of an (n, M, (w) spherical 
code. Then the A, satisfy 
A,=l, A,=0 for a<t<l, 
_,;s.Af=M- l 
and 
c A,Pk(t)z-Pk(l) for k=l,2,..., 
-1SfSCI 
,,,here ~~(~)=~~-3)/z,(n-3)/2 (x) is a Jacobi polynomial in the notation of [l, 
Ch. 221. 
We shall need an analog of the MacEliece and Rumsey inequality [6] for spherical 
codes and present it as Lemma 2. 
Lema 2. Let C be an (n, M, a) spherical code, u an element of C and ul, u2, . . . the 
other elements of C in such an order that (u,uI)~(u,u~)S *es S(u,uM_,) and let 
K(u) be the number of ui for which (u, Ui) SO. Then 
Proof. We may suppose that u = (l/h, 1 /fi, . . . , 1 Ah). Then 
5 u:+-. +U,2+ C UiUjdiSJi~* 
izj 
Denote by X(U) the sum of the absolute values of the negative (u,u;), i.e. 
K(u) 
X(U) = ;;I I (Uy Ui) I = tgo A, (U) I t I 
and by z(u) the sum of the squares of the negative (u,ui), i.e. 
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We shall also use the corresponding average values 
x=M_’ U;cx(u)= c A,/& 
160 
z=M-‘.~~L(U)=,~~Alt2. 
3. Asymptotic results 
From Lemma 1 we find 
(4) 
(5) 
From (4) we deduce 
x= c A,It(GMz+l (6) 
-If~O 
and from (5) we see that 
z= c A,t2sM L-a2 - 1. 
( > 
(7) 
-1rts0 n 
The novel idea of Tietavainen was to construct, using the McEliece-Rumsey in- 
equality, a ‘good’ concave function f satisfying 
z(u) If (x(4). 
Then (6), (7) and (8) imply the inequality 
(8) 
M i-o2 
( > 
- 1 If(Ma+ l), 
n 
which finally yields the assertion. 
Theorem 1. For any sequence of positive real numbers a= a(n) satisfying a= 
o(n -2/3 ), we have 
M(n,a)ln(2.2+ln(l+2na))(l +0(l)) as n-+m. 
Proof. Suppose that C is an (n, M, a) spherical code u E C and u,, . . . , uKc,) are the 
elements of C for which (u, uj> I 0 in such an order that (u, u,) I (u, u2), . . . Then by 
Lemma 1 
where 
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Denote by S= S(U) the largest integer s such that x(u)ra, and put 
ai-ai- if 15iiS, 
xi= x(u)-a, if i=S+ 1, (9) 
0 if i>S+ 1. 
Because a(x) =dw is concave for positive values of the argument 
the sequence of the xi’s is decreasing. Thus we have numbers x1, . . . , xKcu,, 
Ib44)I9 ***v I( u, uKcuj) j satisfying the relations 
Xl rx,r *a* 2X,(,), 
and 
Then, by a result of Karamata (see [2, p. 301) 
By the definition of z(u) and (9) this can be written in the form 
z(u)5 S: (ai-ai-1)2+(x(u)-aS)2<S~1 (aj-ai_1)2. 
r=, i= I 
Obviously 
z(u)5(x(z~))~5x(u) if Orx(u)ll, (10) 
and from the definition of a, we see after some elementary calculations that 
(ai-ai_t)21(fi-~)2+20 (i=2,3, . ..) 
Thus 
Z(U)l(l +(v% l)‘)+%a< 1.2+2a. (11) 
Suppose x(u) 2 a2. Then 
S+l 
Z(U)5 1.2+2a+ c 
( 
-!- 
r=3 4(i- 1) 
+2a 51.2+$logS+2Sa. 
> 
Since 
x(u) 1 I/s + S(S - l)cr, 
we have 
This implies 
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z(u) 5 1.2 + + log x(u) + 2a’“x(u) if x(u) r a,. (12) 
Combining (IO), (11) and (12) we obtain 
z(u) 5 
t 
(1.2 + 2P)x(u) if 05x(u)ll, 
1.2 + 3 log x(u) + 2cP2x(u) if x(u) 2 1. 
(13) 
Denote the right hand side of this inequality by f(x(u)). Then f is an increasing con- 
cave function. 
By (13) and the definitions of the quantities x and z we can apply Jensen’s in- 
equality (see [2, pp. 17 and 181) and obtain 
Thus by the inequalities (6), (13) and (7) 
M(n-‘-a2)-1r1.2++log(l+Mcl)+2a”2(1+Mo) 
and so 
M( 1 - no2 - 2nP) 5 (2.2 + + log(1 + Mo) + 2P)n. (14) 
Because (Y = o(R-~‘~ ) and by (I), Mc(2n +n2a)(l +0(l)), this implies 
MIn(2.2+log(l +na))(l+o(l)). (15) 
If, on the right hand side of (14) A4 is replaced by n(2.2 + log(l + ncu))(l + o(l)), we 
see that the following theorem is true. 
Theorem 2. For any sequence of positive numbers cz = cr(n) such that a = o(K~‘~) 
and an+cx) as n-too we have 
M(n, a) 5 in log no, as n+m. 
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